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We arrive at expressions for the x and y basis states for a spin-1/2 system. But rather than 
deriving them, we come to them using semi-classical arguments about what properties these basis 
states should have. This approach yields the well known results, but in a way which increases the 
pedagogical value of the exercise by highlighting the correspondence of the properties of these states 
with classical notions of orthogonality. We use semi-classical arguments to show that these states 
must have a certain form but involve several arbitrary parameters. Aside from a global phase factor 
for each basis state, we show that the arbitrary parameters have a one-to-one correspondence with 
classical parameters used when defining a three-dimensional Cartesian coordinate system. 
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I. INTRODUCTION 

It can be extremely detrimental to take the attitude 
that everything in quantum mechanics needs to have a 
classical analog. There is no requirement that quantum 
mechanics must bend to intuition developed using a less 
fundamental theory. Never-the-less, whenever we can 
make semi-classical arguments we are able to immedi- 
ately bring to bear understanding that we have already 
mastered. 

In this paper we use semi-classical arguments to de- 
velop a conceptual understanding for the relation be- 
tween the x, y, and z basis states for spin-1/2 particles. 
These relations can be derived rigorously using rotation 
operations^ or ladder operators^ In this paper we in- 
stead present a more intuitive way to arrive at these rela- 
tionships, focusing on conceptual ideas rather than math- 
ematical techniques. In this method we deduce rather 
than derive the relationships, using an understanding of 
classical angular momentum to infer what properties they 
should have. 



II. REVIEW OF QUANTUM SPIN-1/2 
SYSTEMS 



When describing the angular state of a spin-1/2 system 
we typically use the basis consisting of the two eigenstates 
of the z-component of angular momentum. We will de- 
note these basis states as |fz) and \i z )- Recall that if a 
spin-1/2 particle such as an electron or a proton is in one 
of these states, the z component of angular momentum 
is precisely known. There is no uncertainty, and if we 
were to measure the z-component of angular momentum 
we know exactly what result we would get. 

In this paper we start with the assumption that this 
basis exists, that its properties are known, and that the 
two basis states span the spin space. When we say that 
the two eigenstates span the space, we mean that every 
possible angular momentum state that our particle could 
be in can be written as a sum of these two states in the 
form 



where a and b are simply two scalar constants which are 
generally complex. You will recall that if the state vector 
is properly normalized, then a* a + b*b = 1. Also recall 
that if we measure the z-component of the particle's an- 
gular momentum we will always get either +ft/2 or — ft/2, 
and that the probability of getting the former is just a* a, 
and the probability of measuring the latter is b*b. 

The choice of the direction for the z axis is arbitrary 
(although for any given situation, there will usually be 
choices which make problems easier or more difficult to 
solve) . If we want to predict the outcome of a measure- 
ment along a different axis, we simply need to write our 
quantum state in terms of a different basis set - one made 
of the eigenstates of the component of angular momen- 
tum we are going to measure. Because our choice of z 
axis was arbitrary, we know a basis along any axis must 
exist. And, like the z basis, it will consist of two states 
which represent the particle having a component of an- 
gular momentum along that axis of ±h/2. 

Whatever those basis states are, because the z basis 
spans all of spin space for the particle, the basis states 
along the measurement axis can be written in terms of 
the z basis states, even if the measurement axis is spa- 
tially orthogonal to the z axis. This is one aspect of the 
spin-1/2 system which completely avoids a classical anal- 
ogy. Once we know the relationships between the mea- 
surement basis states and the z basis states, the state of 
our system can be written in the measurement basis and 
the results of the measurement can be predicted. 



III. SPATIAL ORTHOGONALITY 

Two special basis sets that occur frequently are the x 
and y basis sets, made up of the eigenstates of angular 
momentum along the x and y axes, respectively. We show 
here that one can find these eigenstates in terms of the 
z basis states by simply considering what properties the 
x and y basis states should have. First of all, since the 
z basis forms a complete set which spans spin space, we 
should be able to write the x basis in the form 
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where A, B, C, and D are constants. 

Another thing we know is that the basis states of the x 
basis must be orthogonal to the basis states in the y basis 
and the basis states in the z basis. And the y states must 
be orthogonal to the z states as well. Also, the two basis 
states in the x basis must be orthogonal to each other, 
as must be the two basis states in the y basis. If this is 
confusing, it's because the term "orthogonal" can mean 
two different things in this context. It is very important 
to understand what the two meanings are, and how it 
applies to this problem. 

When we say that the states in the x basis should be 
orthogonal to the states in the z basis, we are referring 
to orthogonality in space. Since the x axis is orthogonal 
to the z axis, a classical particle which has its angular 
momentum in the +x or —x direction will have no com- 
ponent of angular momentum in the z direction. Quan- 
tum mechanics, on the other hand, tells us that when we 
measure the z component of the angular momentum of 
a spin-1/2 particle, no matter what state the particle is 
in we will always get either plus or minus ft/2, each with 
a certain probability which depends on the state of the 
particle being measured. 

This dilemma is resolved by noting that in classical 
physics there is no such thing as quantum probability. 
So instead of defining "orthogonality in space" in terms of 
possible measurement outcomes, we'll make a connection 
to our classical notion of orthogonality using expectation 
values. To force our x and z basis sets to be spatially 
orthogonal, we will demand that the expectation value 
of the z component of angular momentum be zero for 
the two x basis states. 

The operator which gives us information about the z 
component of angular momentum can be written as 

s z = ~(\WiU-\U){U)- (4) 

Alternatively this operator can be represented in terms 
of the Pauli spin matrix 

'-(S- o 0- < 5 > 

Note that if I operate on Eq. (fTJ) with this operator I get 

SM) = \a\%)-h>\U)- (6) 

So, as it should, this operator takes the |f 2 ) and \\. z ) com- 
ponents of any state and multiplies them by the eigenval- 
ues H/2 and —h/2, respectively. If I use this operator to 
find the expectation value of the z component of angular 
momentum of the state given in Eq. (fTJ), I get 

m S z W = \ (a*a - b*b) (7) 

as expected. 



When we use this operator to find the expectation 
value of the z component of angular momentum for a 
particle in the |ta) state, we get 

(US Z \U = ~(A*A-B*B). (8) 

If we demand that the x basis states be spatially orthog- 
onal to z, we require, then, that 

A* A- B*B = \A\ 2 -\B\ 2 = 0. (9) 

So in order to make z and x spatially orthogonal, we 
require that A and B have the same magnitude, which 
means that if the basis states are normalized, \A\ = \B\ = 
1 /v2' The two coefficients can be complex with arbitrary 
phase angles, however. So the most general form that 
|t s ) can have, subject only to the limitations that it be 
normalized and spatially orthogonal to the z basis states, 
is 

It,) - j= [e* 1 It,) + II,)] (10) 

where cj>i and 02 are arbitrary constants. 

But what values should <p\ and 4>2 have? At this point 
we get to choose whatever value we want. It makes sense 
that we get to choose one phase angle, since quantum me- 
chanics always lets us get away with an arbitrary overall 
phase factor. But why do I get to arbitrarily choose the 
second one as well? There is a classical analogy to this 
freedom. After you have defined the direction for your z 
axis, you still have a lot of leeway in selecting the direc- 
tion for your x axis. It can point in any one of an infinite 
number of directions which are orthogonal to z. These 
possible choices for the x axis could be parametrized by 
one arbitrary angle relative to some reference direction. 

The selection of values for <f>i and cf>2 is done the same 
way we typically select the direction for the x axis clas- 
sically - we choose what appears to be the simplest. So 
we arbitrarily set both phase angles to zero. This choice 
gives us the canonical form of the basis state, 

It,) = 4 lit,) + 1^)] • (11) 



IV. LINEAR INDEPENDENCE 

To find |4,£c) we note that it too must be spatially or- 
thogonal to the z basis. So it must have the form 

It,) - j= [e^ It,) + ^ \U)} (12) 

where, again, the phase angles are constants. This time 
they aren't completely arbitrary, however, because we 
want |4-ic) t° be orthogonal to |f,)- In this instance by 
"orthogonal" we mean linearly independent of each other. 
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To make sure the two eigenstates are linearly indepen- 
dent, we set the inner product (^ x \ l x ) to zero. The 
inner product is easily found to be 



(tx| U = 2 [ CM + (U] [e* It,) + ||,)] (13) 



( e #3 + e #4) 



(14) 



So in order for the two basis vectors to be linearly inde- 
pendent, 



0. 



(15) 



If we think of these two exponentials as phasors in the 
complex plane, it is clear to see that this is satisfied if and 
only if the two phase angles differ by ir radians. We still 
have the freedom to set one of the phase angles, so we'll 
make the simplest choice (and the one which gives us the 
conventional form of \\, x ) used in most current physics 
literature) and let </>3 = 0. This implies that e 1 ^ 4 = — 1 
and 



\U) = ^= [It,) - II,)] • (16) 



V. THE y BASIS 

For the y basis we need to make sure that the basis 
states are spatially orthogonal to both the x axis and the 
z axis. From the work we've already done we know that 
to be normalized and orthogonal to the z axis, these basis 
states must have the form 
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(17) 
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where the four phase angles are constants. 

To make sure these basis states are orthogonal to the 
x axis we need an operator which will tell us the x com- 
ponent of their spin. When written in the x basis this 
operator will look just like the S z operator but with all 
of the z's being replaced by x: 



s* = -(|tx) (U-\U) (U) 



(19) 



If we apply this operator to \*f x ) or || x ) it will, as ex- 
pected, return the eigenstate multiplied by ±S/2, respec- 
tively. To write this operator in the z basis we make use 
of Eqs. UTI and [TBI Plugging these formulas for |t x ) an d 
|| x ) in terms of |t,) and || z ) into our formula for the S x 



operator and collecting terms, we find that the operator 
can be written as 

^ = ^(lt,)(l,| + ll,)(t,|). (20) 
This can be represented in terms of the Pauli spin matrix 

(21) 
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We can use S x to find the expectation value of the x 
component of angular momentum of Y\ v ): 



(tvlSxItv) = 



S x [e 



It, 
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(22) 
(23) 
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All that is required to make this zero, such that |t y ) is 
spatially orthogonal to the x basis states, is to insist that 
<p5 and 4>q differ by ±7r/2 radians. Similarly, to make || y ) 
spatially orthogonal to the x basis, we only need to see 
that 4>7 and <ps differ by ±7r/2 radians as well. Again for 
simplicity (and so that we obtain the conventional form 
of the basis states), we will set fa — 0, forcing (j)Q to be 
either plus or minus n/2 radians. This gives us a basis 
state, determined to within a choice of sign, of 



(25) 



Now let's consider what must be true in order for both 
states in our y basis to be linearly independent. If we 
take the inner product of the two states we get 



1 



(t v Uv> = o (t,l + e™ /2 (1,1 |t.) + \i z ) 



e 'i-<p7 _j_ e ''(0sT""/2) 



(26) 
(27) 



For this to go to zero, such that our two basis states are 
linearly independent, <^>g =p tt/2 should differ from ^7 by 
7r radians. If we arbitrarily choose to make 4>i — 0, then 
(j>s — T 7T /2 and we get the basis state 



\iy) 



71 



(28) 



Depending on which sign we choose for <pQ and 4>s, 
the operator that represents the y component of angu- 
lar momentum can now be determined to be one of two 
possibilities: 



V = ^(\W(U-\W(U) 

= l 4 (Tit,) (1,1 ±11,) It,)) 



(29) 
(30) 
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VI. COORDINATE SYSTEM HANDEDNESS 



VII. CONCLUSION 



The required phase relationship between fa and fa, 
unlike what occurred when we considered \\ x ) and found 
that its two phases were completely arbitrary, reflects 
the fact that we have an additional constraint on \t y )', it 
has to be spatially orthogonal to both z and x. But the 
constraint does not completely determine the difference 
between these two phases - is only narrows it down to two 
possible choices. Similarly, when defining a Cartesian co- 
ordinate system, once the z and x axes have been chosen 
there are still two possible directions for the y axis. Both 
directions are orthogonal to both the x and z axes. One 
of the directions will result in a right-handed coordinate 
system, and the other in a left-handed coordinate system. 
This freedom in our choice of y axis is why we have two 
possible choices for fa for any choice of fa. 

The handedness of a coordinate system gives a natural 
ordering of the axes. If x, y, and z are unit vectors in the 
x, y, and z directions, respectively, then in a right-handed 
coordinate system xxy = z,yxz — x, and z x x = y. 
But if we reverse the order of the cross products, a minus 
sign shows up: y x x = —z, z x y = —x, and x x z = —y. 
In a left-handed coordinate system, however, the minus 
sign appears in the first set of relationships, and not in 
the second. 

If we consider the products of spin operators, we get 
a similar ordering of the = ±(ih/2)S z , 

S y± S z = ±(ih/2)S x , and S Z S X = ±{ih/2)S y± . But 
when we reverse the order of these operations we get 
S V ±S X = =f(ih/2)S z , S z S y ± = ^(ih/2)S x , and S X S Z = 
^f(ih/2)S y ±. A similar set of relations, with similar be- 
havior when reversing the order of the axes, can be found 
for the commutation relations of the spin operators. This 
striking similarity hints that the choice of which sign to 
use in our definition of the y basis states is related to 
the handedness of our coordinate system. While it is not 
immediately obvious which choice of S y is analogous to 
a right- or left- handed coordinate system, the similarity 
to the classical cross-product relationships is striking. 

To get the commonly used y basis states, we will choose 
the upper sign, such that 



and 



It,) = ^=[|t*>+^*>] and 

\U) = ^[|tz>-^*>], 



(|W<tz|-|tz>U,|) 



(31) 
(32) 



(33) 



This spin operator can be represented in terms of the 
Pauli spin matrix 



-i 

1 



(34) 



In conclusion, we have shown that the standard "text- 
book" relationships for |t x ), |4- x )> |tj/) an d |4-y) in terms of 
|tz) and || z ) can be found using the classical concept of 
spatial orthogonality. We showed that by insisting that 
the x basis states be normalized, spatially orthogonal to 
the z states, and linearly independent of each other, we 
could arrive at an expression which was completely speci- 
fied except for three arbitrary phase angles. Two of those 
angles result from the fact that quantum mechanics is un- 
changed by an overall phase factor in front of each basis 
state. The third arbitrary phase angle is analogous to 
the fact that, when choosing a coordinate system in a 
classical problem, any specific choice of z axis still leaves 
an infinite number of choices for the x axis. All of these 
possible choices are the same except for a rotation an- 
gle about the z axis. The freedom to arbitrarily choose 
the second phase angle is analogous to the freedom of 
choosing an arbitrary angle for the x axis. 



After making our "arbitrary" choice of phases for the 
x basis, when considering the y basis set we found that 
we had less freedom. Again we found that there was an 
arbitrary overall phase factor for each basis state. But a 
third phase factor in the basis set was constrained to two 
possible values. We explained that this is analogous to 
choosing the direction for the y axis in classical geometry 
once the z and x axes had been determined. In this case 
there are two possible choices which are both orthogonal 
to the z and the x axes. We compared the cross products 
of unit vectors with the products of rotation operators, 
and made a connection between the selection of the fi- 
nal phase factor for the y basis and the selection of the 
handedness of a geometric coordinate system. 



We hope that the simple arguments made in this paper 
will add insight into the properties of spin- 1/2 quantum 
systems. Although mathematically very different, one- 
to-one analogies with classical quantities can be made. 
Through this analysis it is made clear that the x and y ba- 
sis sets that are widely used for spin- 1/2 systems have an 
origin in basic principles. Like the selection of a Cartesian 
coordinate system, the definition of these states involves 
enforcing the principles of orthogonality, linear indepen- 
dence, and handedness. Also similar to the selection of a 
Cartesian coordinate system, there are a certain number 
of arbitrary choices which can be made, some of which 
can be thought to be analogous to the arbitrary selection 
of the z direction, the arbitrary selection of the angle of 
the x axis about the chosen z axis, and the selection of 
the handedness of the coordinate system. The additional 
arbitrary parameters which have no classical analog are 
simply choices of an overall global phase for each basis 
state. 
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